Abstract. Brunetti, Fredenhagen and Verch (BFV) have shown how the notion of local covariance for quantum field theories can be formulated in terms of category theory: a theory being described as a functor from a category of spacetimes to a category of (C) * -algebras. We discuss whether this condition is sufficient to guarantee that a theory represents 'the same physics' in all spacetimes, giving examples to show that it does not. A new criterion, dynamical locality, is formulated, which requires that descriptions of local physics based on kinematical and dynamical considerations should coincide. Various applications are given, including a proof that dynamical locality for quantum fields is incompatible with the possibility of covariantly choosing a preferred state in each spacetime.
Introduction
This contribution is devoted to the issue of how a physical theory should be formulated in arbitrary spacetime backgrounds in such a way that the physical content is preserved. Our motivation arises from various directions. First, it is essential for the extension of axiomatic quantum field theory to curved spacetimes. Second, one would expect that any quantization of gravity coupled to matter should, in certain regimes, resemble a common theory of matter on different fixed backgrounds. Third, as our universe appears to be well-described by a curved spacetime on many scales, one may well wonder what physical relevance should be ascribed to a theory that could only be formulated in Minkowski space.
In Lagrangian theories, there is an apparently satisfactory answer to our question: namely that the Lagrangian should transform covariantly under coordinate transformations. Actually, even here there are subtleties, as a simple example reveals. Consider the nonminimally coupled scalar field with Lagrangian density
In Minkowski space the equation of motion does not depend on the coupling constant ξ but theories with different coupling constant can still be distinguished by their stress-tensors, which contain terms proportional to ξ. Suppose, however, that ξR is replaced by ζ(R), where ζ is a smooth function vanishing in a neighbourhood of the origin and taking a constant value ξ 0 = 0 for all sufficiently large |R|. This gives a new theory that coincides with the ξ = 0 theory in Minkowski space in terms of the field equation, stress-energy tensor and any other quantity formed by functional differentiation of the action and then evaluated in Minkowski space. But in de Sitter space (with sufficiently large cosmological constant) the theory coincides, in the same sense, with the ξ = ξ 0 theory. Of course, it is unlikely that a theory of this type would be physically relevant, but the example serves to illustrate that covariance of the Lagrangian does not guarantee that the physical content of a theory will be the same in all spacetimes. Additional conditions would be required; perhaps that the (undensitized) Lagrangian should depend analytically on the metric and curvature quantities. The situation is more acute when one attempts to generalize axiomatic quantum field theory to the curved spacetime context. After all, these approaches do not take a classical action as their starting point, but focus instead on properties that ought to hold for any reasonable quantum field theory. In Minkowski space, Poincaré covariance and the existence of a unique invariant vacuum state obeying the spectrum condition provide strong constraints which ultimately account to a large part for the successes of axiomatic QFT in both its Wightman-Gårding [30] and Araki-Haag-Kastler [20] formulations. As a generic spacetime has no symmetries, and moreover attempts to define distinguished vacuum states in general curved spacetimes lead to failure even for free fields, 1 there are severe difficulties associated with generalizing the axiomatic setting to curved spacetime.
Significant progress was made by Brunetti, Fredenhagen and Verch [5] (henceforth BFV) who formalized the idea of a locally covariant quantum field theory in the language of category theory (see [26, 1] as general references). As we will see, this paper opens up new ways to analyze physical theories; in this sense it justifies its subtitle, 'A new paradigm for local quantum physics'. At the structural level, the ideas involved have led to a number of new modelindependent results for QFT in curved spacetime such as the spin-statistics connection [31] , Reeh-Schlieder type results [27] and the analysis superselection sectors [6, 7] ; they were also crucial in completing the perturbative construction of interacting QFT in curved spacetime [4, 22, 23] . It should also be mentioned that antecedants of the ideas underlying the BFV formalism can be found in [17, 24, 11] . However, we stress that the BFV approach is not simply a matter of formalism: it suggests and facilitates new calculations that can lead to concrete physical predictions such as a priori bounds on Casimir energy densities [15, 14] and new viewpoints in cosmology [8, 9] (see also Verch's contribution to these proceedings [32] ).
The focus in this paper is on the physical content of local covariance in the BFV formulation: in particular, is it sufficiently strong to enforce the same physics in all spacetimes? And, if not, what does? We confine ourselves here to the main ideas, referring to forthcoming papers [16] for the details.
Locally covariant physical theories
To begin, let us consider what is required for a local, causal description of physics. A minimal list might be the following:
• Experiments can be conducted over a finite timespan and spatial extent in reasonable isolation from the rest of the world.
• We may distinguish a 'before' and an 'after' for such experiments.
• The 'same' experiment could, in principle, be conducted at other locations and times with the 'same' outcomes (to within experimental accuracy, and possibly in a statistical sense).
• The theoretical account of such experiments should be independent (as far as possible) of the rest of the world. Stated simply, we should not need to know where in the Universe our laboratory is, nor whether the Universe has any extent much beyond its walls (depending on the duration of the experiment and the degree of shielding the walls provide). Of course, these statements contain a number of undefined terms; and, when referring to the 'same' experiment, we should take into account the motion of the apparatus relative to local inertial frames (compare a Foucault pendulum in Regensburg (latitude 49
• N) with one in York (54 • N)). Anticipating Machian objections to the last requirement, we assume that sufficient structures are present to permit identification of (approximately) inertial frames.
If spacetime is modelled as a Lorentzian manifold, the minimal requirements can be met by restricting to the globally hyperbolic spacetimes. Recall that an orientable and time-orientable Lorentzian manifold M (the symbol M will encompass the manifold, choice of metric, 2 orientation and timeorientation) is said to be globally hyperbolic if it has no closed causal curves and [3, Thm 3.2] for equivalence with the older definition [21] ).
3 Compactness of these regions ensures 2 We adopt signature + − · · · −. 3 Here, J that experiments can be conducted within bounded spacetime regions, which could in principle be shielded, and that communication within the region can be achieved by finitely many radio links of finite range. Technically, of course, the main use of global hyperbolicity is that it guarantees well-posedness of the Klein-Gordon equation and other field equations with metric principal part (as described, for example, in Prof. Bär's contribution to this workshop). Henceforth we will assume that all spacetimes are globally hyperbolic and have at most finitely many connected components. The globally hyperbolic spacetimes constitute the objects of a category Loc, in which the morphisms are taken to be hyperbolic embeddings. Definition 2.1. A hyperbolic embedding of M into N is an isometry ψ : M → N preserving time and space orientations and such that ψ(M ) is a causally convex 4 (and hence globally hyperbolic) subset of N .
A hyperbolic embedding of ψ : M → N allows us to regard N as an enlarged version of M : any experiment taking place in M should have an analogue in ψ(M ) which should yield indistinguishable results -at least if 'physics is the same' in both spacetimes.
BFV implemented this idea by regarding a physical theory as a functor from the category Loc to a category Phys, which encodes the type of physical system under consideration: the objects representing systems and the morphisms representing embeddings of one system in a larger one. BFV were interested in quantum field theories, described in terms of their algebras of observables. Here, natural candidates for Phys are provided by Alg (resp., C * -Alg), whose objects are unital (C) * -algebras with unit-preserving injective * -homomorphisms as the morphisms. However, the idea applies more widely. For example, in the context of linear Hamiltonian systems, a natural choice of Phys would be the category Sympl of real symplectic spaces with symplectic maps as morphisms. As a more elaborate example, take as objects of a category Sys all pairs (A, S) where A ∈ Alg (or C * -Alg) and S is a nonempty convex subset of the states on A, closed under operations induced by A.
5
Whenever α : A → B is an Alg-morphism such that α * (T ) ⊂ S, we will say that α induces a morphism (A, S) → (B, T ) in Sys. It may be shown that Sys is a category under the composition inherited from Alg. This category provides an arena for discussing algebras of observables equipped with a distinguished class of states. The beauty of the categorical description is that it allows us to treat different types of physical theory in very similar ways.
According to BFV, then, a theory should assign to each spacetime M ∈ Loc a mathematical object A (M ) modelling 'the physics on M ' and to each hyperbolic embedding ψ : M → N a means of embedding the physics on M inside the physics on N , expressed as a morphism A (ψ) :
are precisely those that make A a (covariant) functor.
In particular, this gives an immediate definition of the 'local physics' in any nonempty open globally hyperbolic subset O of M as
where M | O denotes the region O with geometry induced from M and considered as a spacetime in its own right; this embeds in A (M ) by
where 6 In general spacetimes, it therefore provides a generalisation of the Haag-Kastler framework. It is worth focussing on one particular issue. Dimock [11] also articulated a version of Haag-Kastler axioms for curved spacetime QFT and also expressed this partly in functorial language. However, Dimock's covariance axiom was global in nature: it required that when spacetimes M and N are isometric then there should be an isomorphism between the nets of algebras on M and N . In the BFV framework this idea is localised and extended to situations in which M is hyperbolically embedded in N but not necessarily globally isometric to it. To be specific, suppose that there is a morphism ψ : M → N and that O is a nonempty, open globally hyperbolic subset of M with finitely many connected components. Then ψ(O) also obeys these conditions in N and, moreover, restricting the domain of ψ to O and the codomain to ψ(O), we obtain an isomorphismψ :
commute. As functors always map commuting diagrams to commuting diagrams, and isomorphisms to isomorphisms, we obtain the commuting diagram
6 More precisely, BFV study the images
in which, again anticipating future developments, we have written α
The significance of this diagram is that it shows that the kinematic description of local physics is truly local: it assigns equivalent descriptions of the physics to isometric subregions of the ambient spacetimes M and N . This holds even when there is no hyperbolic embedding of one of these ambient spacetimes in the other, as can be seen if we consider a further morphism ϕ :
) even though there need be no morphism between L and N . Example: the real scalar field. Take Phys = Alg. The quantization of the Klein-Gordon equation ( M +m 2 )φ = 0 is well understood in arbitrary globally hyperbolic spacetimes. To each spacetime M ∈ Loc we assign A (M ) ∈ Alg with generators Φ M (f ), labelled by test functions f ∈ C ∞ 0 (M ) and interpreted as smeared fields, subject to the following relations (which hold for
Here, E M is the advanced-minus-retarded Green function for M +m 2 , whose existence is guaranteed by global hyperbolicity of M . Now if ψ : M → N is a hyperbolic embedding we have
The second assertion in (2.2) follows from the first, together with the uniqueness of advanced/retarded solutions to the inhomogeneous Klein-Gordon equation. In consequence, the map
extends to a * -algebra homomorphism A (ψ) : . Schematic representation of the deformation construction in [18] : globally hyperbolic spacetimes M and N , whose Cauchy surfaces are related by an orientation preserving diffeomorphism, can be linked by a chain of Cauchy morphisms and an interpolating spacetime I.
The time-slice axiom and relative Cauchy evolution
The structures described so far may be regarded as kinematic. To introduce dynamics we need a replacement for the idea that evolution is determined by data on a Cauchy surface. With this in mind, we say that a hyperbolic embedding ψ : M → N is Cauchy if ψ(M ) contains a Cauchy surface of N and say that a locally covariant theory A satisfies the time-slice axiom if A (ψ) is an isomorphism whenever ψ is Cauchy. The power of the time-slice axiom arises as follows. Any Cauchy surface naturally inherits an orientation from the ambient spacetime; if two spacetimes M and N have Cauchy surfaces that are equivalent modulo an orientation-preserving diffeomorphism (not necessarily an isometry) then the two spacetimes may be linked by a chain of Cauchy morphisms [18] (see Fig. 1 ). If the time-slice axiom is satisfied, then the theory A assigns isomorphisms to each Cauchy morphism; this can often be used to infer that the theory on N obeys some property, given that it holds in M . One of the innovative features of the BFV framework is its ability to quantify the response of the theory to a perturbation in the metric. We write H(M ) for the set of compactly supported smooth metric perturbations h on M that are sufficiently mild so as to modify M to another globally hyperbolic spacetime M [h]. In the schematic diagram of Fig. 2 , the metric perturbation lies between two Cauchy surfaces. By taking a globally hyperbolic neighbourhood of each Cauchy surface we are able to find Cauchy morphisms ι ± and ι ± [h] as shown. Now if A obeys the time-slice axiom, any metric perturbation
BFV showed that the functional derivative of the relative Cauchy evolution defines a derivation on the algebra of observables which can be interpreted as a commutator with a stress-energy tensor so that
, where h(s) is a smooth one-parameter family of metric perturbations in H(M ) and f =ḣ(0). In support of the interpretation of T as a stress-energy Figure 2 . Morphisms involved in relative Cauchy evolution tensor we may cite the fact that T is symmetric and conserved. Moreover, the stress-energy tensor in concrete models can be shown to satisfy the above relation (see BFV and [28] for the scalar and Dirac fields respectively) and we will see further evidence for this link below in Sect. 7.
The same physics in all spacetimes

The meaning of SPASs
We can now begin to analyse the question posed at the start of this paper. However, is not yet clear what should be understood by saying that a theory represents the same physics in all spacetimes (SPASs). Rather than give a direct answer we instead posit a property that should be valid for any reasonable notion of SPASs: If two theories individually represent the same physics in all spacetimes, and there is some spacetime in which the theories coincide then they should coincide in all spacetimes. In particular, we obtain the following necessary condition: 
The interpretation is that ζ embeds A as a sub-theory of B. If every ζ M is an isomorphism, ζ is an equivalence of A and B; if some ζ M is an isomorphism we will say that ζ is a partial equivalence.
i.e., k independent copies of A , where the algebraic tensor product is used. Then
→ A ⊗l for k ≤ l and we have the obvious
We can now formulate the issue of SPASs precisely: 
Failure of SPASs in LCT
Perhaps surprisingly, theories in LCT need not represent the same physics in all spacetimes. Indeed, a large class of pathological theories may be constructed as follows. Let us take any functor ϕ : Loc → LCT, i.e., a locally covariant choice of locally covariant theory [we will give an example below]. Thus for each M , ϕ(M ) ∈ LCT is a choice of theory defined in all spacetimes, and each hyperbolic embedding ψ : M → N corresponds to an embedding ϕ(ψ) of ϕ(M ) as a sub-theory of ϕ(N ).
Given ϕ as input, we may define a diagonal theory ϕ ∆ ∈ LCT by setting
for each spacetime M and hyperbolic embedding ψ : M → N . The definition of ϕ ∆ (ψ) is made more comprehensible by realising that it is the diagonal of a natural square
arising from the subtheory embedding ϕ(ψ) : ϕ(M )
→ ϕ(N ). The key point is that, while ϕ ∆ is easily shown to be a functor and therefore defines a locally covariant theory, there seems no reason to believe that ϕ ∆ should represent the same physics in all spacetimes. Nonetheless, ϕ ∆ may have many reasonable properties. For example, it satisfies the time-slice axiom if each ϕ(M ) does and in addition ϕ does (i.e., ϕ(ψ) is an equivalence for every Cauchy morphism ψ).
To As a concrete example, which we call the one-field-two-field model, if we put
then the resulting diagonal theory ϕ ∆ represents one copy of the underlying theory A in spacetimes whose Cauchy surfaces are purely noncompact (i.e., have no compact connected components), but two copies in all other spacetimes (see Fig. 3 ). Moreover, there are obvious subtheory embeddings
which are isomorphisms in some spacetimes but not in others; the left-hand in spacetimes with purely noncompact Cauchy surfaces but not otherwise, and vice versa for the right-hand embedding. As we have exhibited partial equivalences that are not equivalences, we conclude that SPASs fails in LCT. Figure 3 . The one-field-two-field model assigns one copy of the theory A to a diamond spacetime D with noncompact Cauchy surface, but two copies to a spacetime C with compact Cauchy surface, or spacetimes such as the disjoint union C ⊔ D which have at least one component with compact Cauchy surface.
Meditating on this example, we can begin to see the root of the problem. If O is any nonempty open globally hyperbolic subset of any
has noncompact Cauchy surfaces then the kinematic local algebras obey
so the kinematic local algebras are insensitive to the ambient algebra. In one-field-two-field model, for example, the kinematical algebras of relatively compact regions with nontrivial causal complement are always embeddings of the corresponding algebra for a single field, even when the ambient algebra corresponds to two independent fields. This leads to a surprising diagnosis: the framework described so far is insufficiently local, and it is necessary to find another way of describing the local physics. The problem, therefore, is to detect the existence of the ambient local degrees of freedom that are ignored in the kinematical local algebras. The solution is simple: where there are physical degrees of freedom, there ought to be energy. In other words, we should turn our attention to dynamics.
Some immediate support for the idea that dynamics has a role to play can be obtained by computing the relative Cauchy evolution of a diagonal theory. The result is
where rce
is the relative Cauchy evolution of ϕ in LCT. In known examples this is trivial, but it would be intriguing to find examples in which the choice of theory as a function of the spacetime contributes nontrivially to the total stress-energy tensor of the theory. Provided that rce (ϕ) is indeed trivial and stress-energy tensors exist, it follows that
for all A ∈ ϕ ∆ (M ), which means that the stress-energy tensor correctly detects the ambient degrees of freedom that are missed in the kinematic description.
Local physics from dynamics
Let A be a locally covariant theory obeying the time-slice axiom and O be a region in spacetime M . The kinematical description of the physical content of O was given in terms of the physics assigned to O when considered as a spacetime in its own right, i.e.,
For the dynamical description, we focus on that portion of the physical content on M that is unaffected by the geometry in the causal complement of O. This can be isolated using the relative Cauchy evolution, which precisely encapsulates the response of the system under a change in the geometry.
Accordingly, for any compact set K ⊂ M , we define A
Subobjects of this type will exist provided the category Phys has equalizers (at least for pairs of automorphisms) and arbitrary set-indexed intersections. If Phys = Alg, of course, A
• (M ; K) is simply the invariant subalgebra. From the categorical perspective, it is usually not objects that are of interest but rather the morphisms between them. Strictly speaking, a subobject of an object A in a general category is an equivalence class of monomorphisms with codomain A, where α and α ′ are regarded as equivalent if there is a (necessarily unique) isomorphism β such that α ′ = α•β. In our case, we are really interested in a morphism α • M ;K with codomain A (M ), characterized (up to isomorphism) by the requirements that (a)
and (b) if β is any other morphism with this property then there exists a unique morphismβ such that β = α
For simplicity and familiarity, however, we will ignore this issue and write everything in terms of the objects, rather than the morphisms. This is completely legitimate in categories such as Alg or C * -Alg, in which the objects are sets with additional structure and A
• (M ; K) can be concretely constructed as the subset of A (M ) left fixed by the appropriate relative Cauchy evolution automorphisms. (At the level of detail, however, it is not simply a matter of precision to work with the morphisms: universal definitions, such as that given above for α • M ;K , permit efficient proofs that are 'portable' between different choices of the category Phys.)
The subobjects A • (M ; K) have many features reminiscent of a net of local algebras in local quantum physics: for example, isotony (
if K ⊥⊥ is also compact, and
for any compact K, K 1 , K 2 . A rather striking absence is that there is no local covariance property: it is not true in general that a morphism ψ : M → N induces isomorphisms between A • (M ; K) and A • (N ; ψ(K)) so as to make the diagram
commute (unless ψ is itself an isomorphism). Again, this can be seen from the example of diagonal theories, for which we have
as a consequence of (4.3). In the one-field-two-field model, for example, a hyperbolic embedding of ψ : D → C (where D and C are as in Fig. 3 ) we have ϕ
In general, these subobjects will not be isomorphic in the required sense. This situation should be compared with the local covariance property enjoyed by the kinematic description, expressed by the commuting diagram (2.1).
The discussion so far has shown how dynamics allows us to associate a subobject A
• (M ; K) of A (M ) with every compact subset K of M . As mentioned above, for simplicity we are taking a concrete viewpoint in which A
• (M ; K) is a subset of A (M ). For purposes of comparison with the kinematic viewpoint, we must also associate subobjects of A (M ) with open subsets of M . Given an open subset O of M , the basic idea will be to take the subobject generated by all A
• (M ; K) indexed over a suitable class of compact subsets K of M . To define the class of K involved, we must introduce some terminology.
Following [7] , a diamond is defined to be an open relatively compact subset of M , taking the form D M (B) where B, the base of the diamond, is a subset of a Cauchy surface Σ so that in a suitable chart (U, φ) of Σ, φ(B) is a nonempty open ball in R n−1 whose closure is contained in φ(U ). (A given diamond has many possible bases.) By a multi-diamond, we understand any finite union of mutually causally disjoint diamonds; the base of a multidiamond is formed by any union of bases for each component diamond.
Given these definitions, for any open set O in M , let K (M ; O) be the set of compact subsets of O that have a multi-diamond neighbourhood with a base contained in O. We then define
that is, the smallest Phys-subobject of A (M ) that contains all the A • (M ; K) indexed by K ∈ K (M ; O). Of course, the nature of the category Phys enters here: if it is Alg (resp., C * -Alg) then A dyn (M ; O) is the (C) * -subalgebra of A (M ) generated by the A
• (M ; K); if Phys is Sympl, then the linear span is formed. More abstractly, we are employing the categorical join of subobjects, which can be given a universal definition in terms of the morphisms α In Alg (and more generally, if Phys has pullbacks, and class-indexed intersections) the join has the stronger property of being a categorical union [10] , and this is used in our general setup.
It is instructive to consider these algebras for diagonal theories ϕ ∆ , under the assumption that rce (ϕ) is trivial. Using (4.3), it follows almost immediately that
This should be contrasted with the corresponding calculations for kinematic algebras in (4.2); we see that the dynamical algebras sense the ambient spacetime in a way that the kinematic algebras do not. In the light of this example, the following definition is very natural.
Definition 5.1. A obeys dynamical locality if
for all nonempty open globally hyperbolic subsets O of M with finitely many components, where the isomorphism should be understood as asserting the existence of isomorphisms
equivalence as subobjects of A (M ).
In the next section, we will see that the class of dynamically local theories in LCT has the SPASs property, our main focus in this contribution. However, we note that dynamical locality has a number of other appealing consequences, which suggest that it may prove to be a fruitful assumption in other contexts.
First, any dynamically local theory A is necessarily additive, in the sense that
where the categorical union is taken over a sufficiently large class of open globally hyperbolic sets O; for example, the truncated multi-diamonds (intersections of a multi-diamond with a globally hyperbolic neighbourhood of a Cauchy surface containing its base).
Second, the 'net' K → A • (M ; K) is locally covariant: if ψ : M → N and K ⊂ M is outer regular then there is a unique isomorphism making the diagram (5.1) commute. Here, a compact set K is said to be outer regular if there exist relatively compact nonempty open globally hyperbolic subsets O n (n ∈ N) with finitely many components such that (a) cl(O n+1 ) ⊂ O n and K ∈ K (M ; O n ) for each n and (b) K = n∈N O n .
Third, in the case Phys = Alg or C * -Alg, 7 if A • (M ; ∅) = C1 A (M ) and A is dynamically local then the theory obeys extended locality [25] , i.e., if O 1 , O 2 are causally disjoint nonempty globally hyperbolic subsets then
. Conversely, we can infer triviality of A
• (M ; ∅) from extended locality. Fourth, there is an interesting application to the old question of whether there can be any preferred state in general spacetimes. Suppose that A is a theory in LCT with Phys taken to be Alg or C * -Alg. A natural state ω of the theory is an assignment M → ω M of states ω M on A (M ), subject to the contravariance requirement that ω M = ω N • A (ψ) for all ψ : M → N . Hollands and Wald [22] give an argument to show that this is not possible for the free scalar field; likewise, BFV also sketch an argument to this effect (also phrased concretely in terms of the free field). The following brings these arguments to a sharper and model-independent form: 
SPASs at last
Our aim is to show that the category of dynamically local theories has the SPASs property. As ζ is a partial equivalence, there exists a spacetime M for which ζ M is an isomorphism. It follows that ζ D is an isomorphism for every multi-diamond spacetime D that can be embedded in M . Using deformation arguments [18] there is a chain of Cauchy morphisms linking each such multi-diamond spacetime to any other multi-diamond spacetime with the same number of connected components. Hence ζ D is an isomorphism for all multi-diamond spacetimes D. Now consider any other spacetime N . Owing to dynamical locality, both A (N ) and B(N ) are generated over subobjects that correspond to diamond spacetimes, which (it transpires) are isomorphic under the restriction of ζ N . By the properties of the categorical union, it follows that ζ N is an isomorphism.
We remark that the chain of partial equivalences in (4.1) shows that we cannot relax the condition that both A and B be dynamically local.
The foregoing result allows us to conclude the discussion of natural states:
End of the proof of Theorem 5.2. Note that there is a natural transformation ζ : I . → A , such that each ζ N simply embeds the trivial unital algebra in A (N ). For the spacetime M given in the hypotheses, we already know that A (M ) = C1, so ζ M is an isomorphism. Hence by dynamical locality and Theorem 6.1, ζ is an equivalence so A ∼ = I . Dynamical locality also significantly reduces our freedom to construct pathological theories. Proof. (Sketch) Consider any morphism ψ : M → N in Loc. Using dynamical locality of ϕ ∆ and ϕ(N ), we may deduce that ϕ(ψ) M is an isomorphism and hence ϕ(ψ) is an equivalence. As any two spacetimes in Loc can be connected by a chain of (not necessarily composable) morphisms, it follows that all the ϕ(M ) are equivalent.
In particular, writing M 0 for Minkowski space, the previous argument allows us to choose an equivalence ζ (M ) : ϕ(M 0 )
. → ϕ(M ) for each spacetime M (no uniqueness is assumed). Every morphism ψ : M → N then induces an automorphism η(ψ) = ζ
(N ) and it is easy to deduce that there is an equivalence ζ :
We remark that the automorphism group of a theory in LCT can be interpreted as its group of global gauge invariances [13] and that a theory in which the A (M ) are algebras of observables will have trivial gauge group. The argument just given has a cohomological flavour, which can also be made precise and indicates that a cohomological study of Loc is worthy of further study.
Example: Klein-Gordon theory
The abstract considerations of previous sections would be of questionable relevance if they were not satisfied in concrete models. We consider the standard example of the free scalar field, discussed above.
First let us consider the classical theory. Let Sympl be the category of real symplectic spaces with symplectomorphisms as the morphisms. To each M , we assign the space L (M ) of smooth, real-valued solutions to ( + m 2 )φ = 0, with compact support on Cauchy surfaces; we endow L (M ) with the standard (weakly nondegenerate) symplectic product
for any Cauchy surface Σ. To each hyperbolic embedding ψ : [2] ). The relative Cauchy evolution for L was computed in BFV (their Eq. (15)) as was its functional derivative with respect to metric perturbations (see pp. 61-62 of BFV). An important observation is that this can be put into a nicer form: writing
it turns out that
where
is the classical stress-energy tensor of the solution φ. (In passing, we note that (7.1) provides an explanation, for the free scalar field and similar theories, as to why the relative Cauchy evolution can be regarded as equivalent to the specification of the classical action.) We may use these results to compute L • (M ; K) and L dyn (M ; O): they consist of solutions whose stress-energy tensors vanish in K ⊥ (resp.,
. For nonzero mass, the solution must vanish wherever the stress-energy does and we may conclude that At the level of the quantized theory, one may show that similar results hold: the m > 0 theory is dynamically local, while the m = 0 theory is not. We argue that this should be taken seriously as indicating a (fairly mild) pathology of the massless minimally coupled scalar field, rather than a limitation of dynamical locality. In support of this position we note:
• Taking the gauge symmetry seriously, we can alternatively quantize the theory of currents j = dφ; this turns out to be a well-defined locally covariant and dynamically local theory in dimensions n > 2. While dynamical locality fails for this model in n = 2 dimensions in the present setting, it may be restored by restricting the scope of the theory to connected spacetimes.
• The constant solution is also the source of another well-known problem: there is no ground state for the theory in ultrastatic spacetimes with compact spatial section (see, for example [19] ). The same problem afflicts the massless scalar field in two-dimensional Minkowski space, where it is commonplace to reject the algebra of fields in favour of the algebra of currents.
• The nonminimally coupled scalar field (which does not have the gauge symmetry) is dynamically local even at zero mass (a result due to Ferguson [12] ).
Actually, this symmetry has other interesting aspects: it is spontaneously broken in Minkowski space [29] , for example, and the automorphism group of the functor A is noncompact: Aut(A ) = Z 2 ⋉ R [13].
Summary and outlook
We have shown that the notion of the 'same physics in all spacetimes' can be given a formal meaning (at least in part) and can be analysed in the context of the BFV framework of locally covariant theories. While local covariance in itself does not guarantee the SPASs property, the dynamically local theories do form a class of theories with SPASs; moreover, dynamical locality seems to be a natural and useful property in other contexts. Relative Cauchy evolution enters the discussion in an essential way, and seems to be the replacement of the classical action in the axiomatic setting. A key question, given our starting point, is the extent to which the SPASs condition is sufficient as well as necessary for a class of theories to represent the same physics in all spacetimes. As a class of theories that had no subtheory embeddings other than equivalences would satisfy SPASs, there is clearly scope for further work on this issue. In particular, is it possible to formulate a notion of 'the same physics on all spacetimes' in terms of individual theories rather than classes of theories?
In closing, we remark that the categorical framework opens a completely new way of analysing quantum field theories, namely at the functorial level. It is conceivable that all structural properties of QFT should have a formulation at this level, with the instantiations of the theory in particular spacetimes taking a secondary place. Lest this be seen as a flight to abstraction, we emphasize again that this framework is currently leading to new viewpoints and concrete calculations in cosmology and elsewhere. This provides all the more reason to understand why theories based on our experience with terrestrial particle physics can be used in very different spacetime environments while preserving the same physical content.
